We show that the algebra Der(L) of derivations of a strongly nondegenerate Lie algebra L graded by an ordered group G with a finite grading (and satisfying a mild technical condition) inherits the grading from L, i.e., Der(L), which turns out to be a strongly nondegenerate Lie algebra, is G-graded and its support has the same length as that of L. This result follows by considering Der(L) as a subalgebra of the graded maximal algebra of quotients of the Lie algebra L. We specialize the result when L is a Lie algebra of the form A − /Z A or K /Z K , for A a semiprime associative algebra, K the Lie algebra of the skew elements of a semiprime associative algebra with involution, and Z A and Z K their respective centers.
Introduction
This paper is concerned with the graded structure of the Lie algebra Der(L) of derivations of a strongly nondegenerate Lie algebra L graded by an ordered group G with a finite grading. The mild condition (mentioned in the abstract) we require is L τ ∩ J = 0 for every nonzero ideal J of L, where τ is the maximum element in G such that L τ = 0. We show that for L as above, the strongly nondegenerate Lie algebra Der(L) has a finite grading over G and the length of its support is the same as that of L (Theorem 2.7).
Our approach uses maximal algebras of quotients of Lie algebras. The notion of algebra of quotients in the Lie setting was introduced by the second author in [11] ; its properties were explored in [8, 9, 4] while the computation of maximal algebras of quotients of certain algebras was treated in [3, 2] . Graded algebras of quotients of graded Lie algebras have been studied in [10] (as well as their connections to quotients in the Jordan context) and in [2] (intertwined with graded associative algebras and their Lie ideals).
Given a strongly nondegenerate graded Lie algebra, it is possible to consider its maximal algebra of quotients (see [11] ) and its graded maximal algebra of quotients (as shown in [10] ). Although, in general, both algebras do not coincide [2, Example 2.4], this is not the case for Lie algebras under our conditions (Theorem 2.5). This is the key point to prove Theorem 2.7. Another important fact when it comes to prove this result is that every essential ideal contains a graded essential ideal (Proposition 2.3).
In Section 3 of the paper we devote our study first to the case of Lie algebras of the form A − /Z A .
Here we can rely upon the description of the maximal algebra of quotients (obtained in [3] ) as a direct limit of associative derivations of A defined on essential (associative) ideals of A (denoted by Der m (A)). In particular, if A is simple, or if A is prime and coincides with its Martindale symmetric ring of quotients, then Der m (A) is precisely Der(A) and we obtain that in these cases Der(A) is G-graded with a finite grading and support of the same length as that of A and of A − /Z A (here we will be considering A a G-graded associative algebra with a finite grading).
Finally, our arguments can be specialized with some extra effort to the case of a * -semiprime associative algebra A and the Lie algebra K /Z K , where K stands for the skew elements of A under the involution * .
Preliminaries
All algebras in this paper, associative or not, will be Φ-modules (for Φ a unital associative and commutative ring) and, although it will not be always necessary, we will suppose that Φ is 2 and 3-torsion free.
Throughout the paper L and A will always denote a Lie algebra and an associative algebra, respectively, while R will stand for an algebra, associative, Lie, or not. Associative algebras are not assumed to be unital.
Given a group
When the group is understood we will use the term "graded" instead of "G-graded". The elements of h(R) := σ ∈G R σ are called homogeneous; each element in R σ is said to be homogeneous of degree σ . For x ∈ R, we will write x = σ ∈G x σ , where x σ will denote the homogeneous component of x of degree σ .
Every algebra R can be seen as a graded algebra over any group G by considering the trivial grading, that is R = σ ∈G R σ , where R e = R (where e is the neutral element of the group G) and R σ = {0} for any σ ∈ G \ {e}. Thanks to this fact, every statement for graded algebras can be read in terms of algebras, without the consideration of the grading.
For any subset X of R = σ ∈G R σ , its support is defined as Supp( X) = {σ ∈ G | x σ = 0 for some x ∈ X}. By support of a grading of an algebra R we will understand Supp(R).
A grading on R is called finite if Supp(R) is a finite set. In particular, every trivial grading has finite support.
A subset X of a graded algebra R = σ ∈G R σ is said to be graded if for every x ∈ X , say x = σ ∈G x σ , we have x σ ∈ X for all σ ∈ G. In the particular case of an ideal I of R, it is a graded ideal
It is straightforward to show that the sum, the intersection and the product of graded ideals are again graded ideals.
Suppose that R = σ ∈G R σ and S = σ ∈G S σ are algebras graded by the same ordered group G and both with a finite grading. We say that R and S have supports of the same length if the maximums and the minimums of Supp(R) and Supp(S) coincide. We will refer to this situation by writing
(Supp(R)) = (Supp(S)).
In what follows, we will always consider abelian groups. Every graded associative algebra A gives rise to a graded Lie algebra A − by considering the same module structure and the bracket given by [x, y] = xy − yx. Graded ideals of A − are called graded Lie ideals of A.
Clearly, if I is a graded ideal of A, then it is also a graded Lie ideal of A.
The role played by the annihilators will be important in our work. For two subsets X and Y of an algebra R we define the annihilator of X in Y as the set Ann Y (X) := {y ∈ Y | yx = xy = 0 for every x ∈ X}, and the quadratic annihilator of X in Y by QAnn Y (X) := y ∈ Y y(xy) = 0 for every x ∈ X .
(The product of two elements in R is denoted by juxtaposition.) If there is no risk of confusion, we will write Ann( X) for Ann R (X) and QAnn( X) for QAnn R (X). In the special situation that 
μ ∈ Der(R).
Suppose now that the algebra R is G-graded, R = σ ∈G R σ , and that S is a graded subalgebra of R. We say that a derivation δ ∈ Der(S, R) has degree σ ∈ G if δ(S τ ) ⊆ R τ σ for every τ ∈ G. In this case, δ is called a graded derivation of degree σ . Denote by Der gr (S, R) σ the set of all graded derivations of degree σ . Clearly, it becomes a Φ-module by defining operations in the natural way and, consequently, Der gr (S, R) := σ ∈G Der gr (S, R) σ is also a Φ-module. In particular, for S = R, as the composition of two derivations of degrees σ and τ , respectively, is a map of degree σ τ , it happens that Der gr (R) := Der gr (R, R) is a graded Lie algebra with bracket given as before.
In the particular case where R an associative or Lie algebra, for every element x in R the map The algebra of derivations of a graded Lie algebra with a finite grading also has a finite grading. This result follows as a corollary of the following one, which is an adaptation to our setting of 
Note that since the support of R is finite, the sums appearing in this formula are all finite. Moreover, for each σ , the map δ σ = ατ −1 =σ π α δ p τ is a derivation of degree σ of R.
In fact, given x, y ∈ I , we have xy = α∈G β x β y αβ −1 and, consequently:
We have proved Der(I, R) = σ ∈G Der(I, R) σ , where an arbitrary element of Der(I, R) σ is ατ −1 =σ π α δ p τ , with δ ∈ Der(I, R). Observe that the grading is finite as π σ and τ σ are nonzero only for a finite subset of G, which implies that Der(I, R) σ is nonzero only for a finite number of elements in G. This concludes the proof. 2 Corollary 1.3. Let R be a G-graded algebra with a finite grading. Then Der(R) = Der gr (R).
Finite gradings of algebras of quotients
In this section we will be interested in the study of the gradings of algebras of quotients and of algebras of derivations of strongly nondegenerate Lie algebras finitely graded by ordered groups. We determine that any algebra of quotients has the same type of grading, fixing first our attention on the maximal case, and deriving as a consequence the corresponding result for the Lie algebra of derivations.
We start by recalling what is the main object of this paper: the notion of algebra of quotients of a Lie algebra, introduced in [11] and extended in [10] to graded Lie algebras. Definition 2.1. (See [11, 10] ). Let L = σ ∈G L σ be a graded subalgebra of a graded Lie algebra Q = σ ∈G Q σ . We say that Q is a graded algebra of quotients of L if one of the following equivalent conditions is satisfied:
(where L (q) denotes the linear span in Q of q and the elements of the form ad
For every graded semiprime Lie algebra L there exists a graded algebra of quotients of L which is unique (up to isomorphism) and is maximal in the sense that it contains an isomorphic image of every graded algebra of quotients of L (see [10, Section 2] 
Der gr (I, L).
For a semiprime graded Lie algebra L = σ ∈G L σ , both algebras of quotients can be considered:
the maximal and the maximal graded. The maximal graded algebra of quotients of L is a subalgebra of the maximal algebra of quotients of L: the following defines a monomorphism of Lie algebras:
where for I ∈ I gr-e (L) and δ ∈ Der(I, L), δ I stands for any arbitrary element of Q gr-m (L). For a subset X of a Lie algebra L, write id( X) to denote the ideal of L generated by X . Observe that 
Proof. Let I be an essential ideal of L. Since I is strongly nondegenerate as a Lie algebra (see [13, Lemma 4], for example) we may use [9, Proposition 2. Proof. We will see that in both cases Proposition 2.3 can be applied.
Suppose first that L is prime. Then, every nonzero ideal J of L is essential. By [9, Propo-
Now we are ready to prove that for an ordered group G the maximal algebra of quotients of a Ggraded Lie algebra with a finite grading is also G-graded and has support of the same length (under certain restrictions). 
Theorem 2.5. Let L = σ ∈G L σ be a strongly nondegenerate Lie algebra graded by an ordered group G with a finite grading such that τ is the maximum in Supp(L) (and consequently τ −1 is the minimum in Supp(L)).

If L τ ∩ J = 0 for any nonzero ideal J of L, then the maximal algebra of quotients Q := Q m (L) of L coincides with the maximal graded algebra of quotients Q gr-m (L) of L. Moreover, (Supp(Q )) = (Supp(L)).
Proof. Consider ϕ, the monomorphism of Lie algebras given in ( †
). If ρ J ∈ Q m (L),(Supp(L)) = (Supp(T )). Proof. Considering L ⊆ T ⊆ Q gr-m (L) we have Supp(L) Supp(T ) Supp Q gr-m (L) . Since (Supp(L)) = (Supp(Q gr-m (L))),
If L τ ∩ J = 0 for any nonzero ideal J of L, then Der(L) is G-graded, the grading is finite and (Supp(L)) = (Supp(Der(L))).
Proof. Consider the following map: 
Since A is semiprime, it has no nonzero nilpotent ideals, hence Aa = 0 and, again by semiprimeness of A, we obtain a = 0. 2 Remark 3.2. Lemma 3.1 implies that for every semiprime associative algebra A = σ ∈G A σ , where G is an ordered group and Supp( A) a finite set, the Lie algebra A − /Z has the same support as the algebra A. This fact will be used in the sequel without further mention to it. Proof. The grading of A is clearly inherited by A − /Z which is a strongly nondegenerate Lie algebra (use for example Lemma 1.1). Hence, Theorem 2.5 applies to get the result. 2
Suppose now that A is a semiprime associative algebra. In [3] the authors considered the Lie algebra
Der(I, A),
where I e (A) denotes the filter of essential (associative) ideals of A and Der(I, A) are those associative derivations from I into A.
This Lie algebra turns out to be isomorphic to the maximal algebra of quotients of the Lie algebra It is a fact that Q s (A) exists and is characterized up to isomorphism by these four properties. We refer the reader to [6] for an account of this concept. 
Proposition 3.5. Let G be an ordered group and A = σ ∈G A σ a prime graded algebra with a finite grading such that Q s (A)
Now, let A be an associative algebra with an involution * ; then the set of its skew elements
is a subalgebra of the Lie algebra A − . We also have to define the concept of the degree of a prime algebra A. The reason for this is that algebras of certain low degrees must be excluded in the results on Lie derivations that we are going to apply.
For every x ∈ A we define deg(x) as the degree of algebraicity of x over the extended centroid C (which is the center of Q s (A)), provided that x is algebraic. If x is not algebraic, then we define deg(x) = ∞. Further we define deg( A) = sup{deg(x) | x ∈ A}. It is well-known that deg( A) < ∞ if and only if A is a PI-algebra. Furthermore, it is known that deg( A) = n < ∞ if and only if A satisfies the standard polynomial identity of degree 2n, but does not satisfy any polynomial identity of degree < 2n, and this is further equivalent to the condition that A can be embedded into the matrix algebra M n (F ) for some field F (say, one can take the algebraic closure of C for F ), but cannot be embedded into M n−1 (K ) for any commutative algebra K . In order to obtain the counterparts of the corollaries above for the case K /Z K we need the following results. 
By Lemma 3.8 this implies x ∈ Z K , and we have proved
(iii). Conditions (i) and (ii) imply that the map from
, which is an essential ideal of K /Z K because it is the square of an essential ideal of a strongly nondegenerate Lie algebra (by Lemma 3.8). 2
In the rest of the section we will consider graded associative algebras A = σ ∈G A σ with a graded involution * . Proof. By Lemma 3.8 the Lie algebra K /Z K is strongly nondegenerate. On the other hand, the condition K τ ∩ J = 0 for a noncentral ideal J of K implies, by Lemma 3.1 and Lemma 3.9(i), that K τ ∩ J Z K , hence we may apply Theorem 2.5 to the Lie algebra K /Z K to obtain the result. 2 
